Abstract: This work develops a mathematical model that explains the ball mills operational speed. The scope of the model is defined by the powder as the number of particles per cm 3 and the Relevance defined as the ratio between different forces. In this study, the Relevance is defined as the ratio between superficial tension and inertial forces. The conditions for a free flowing powder and a single particle are differenced and non-dimensional numbers are found. The model proposed use the friction force between mill walls and the powder mass is related by a friction coefficient that can be calculated from angle repose. An experimental approach proves that the suppositions made in order to develop the model were adequate in this way the existence of the non-dimensional numbers is confirmed. It is also discussed the use of non-dimensional numbers to increase processing speeds with by increasing gravity clarifying that a given Relevancy, it is not dependent of the non-dimensional numbers. Thus, the model can help in the design process of ball mills with a deeper understanding of the phenomena.
Introduction
In powder metallurgy and ceramic processing, milling, mixing and blending are fundamental processes in order to obtain final components with the desired properties and characteristics. Diverse equipments are used to carry out these processes, depending mainly on the desired milling-blending degree and the characteristics of the powder being processed. Ball mill is one of the more intensive used equipment for milling-blending operations and its design is based, normally, on experimental data and some non-dimensional numbers for size scaling [1, 2] .
Due to the coupling of diverse phenomena that occurred during the milling-blending processes, the models reported are complex. This work develops a simple theoretical model regarding the phenomena occurring during the process, and the experimental data obtained confirm its applicability for ball mill design. In addition, a method for finding the operational speed was developed. The operational speed it's found when the maximum amount of powder it's transferred to the mass that is being milled-blended.
Model Premises
Defining the theoretical model for powders milling-blending process, requires defining and coupling two main effects. The first one it's how the problem is approached in relation to the powder as a substance, which can be sorted as a fluid or as solid particle, depending on the number of particles per unit of volume. The second one is the force of the interactions occurring among this number of particles, being observed as adhesion phenomena explained by the superficial tension that increases with decreasing of particle diameter. The definition and study of these two items define the ways in which the powder can be found and then be treated (free powder, agglomeration of powder, slurry, etc.). In this way, the scope of the developed model is determined.
In relation with the first effect, if one have a solid object of 1 cm 3 , for modeling it can be considered, as a single particle (using models in accordance with the Newton's laws applied for punctual particles), whereas on a fluid one have in the order of 10 23 particles in 1 cm 3 (using fluid volume models). For the case treated in this work, a powder of 100µm has the order of 10 6 particles within the same volume (1 cm 3 ). That is to say, if with this argument one have to decide to which it resemble most a powder of this size one will be more proximate to understand the powder mass as a single particle than as a continuum of fluid.
Therefore, the second effect (interactions between particles) has to be taken into account, since in the case of powders, it is different to treat them as a mass where energy associated with the proximity within the particles (superficial tension) or as a group of individual particles. In order to quantify the importance in the milling-blending process of the superficial tension, it has to be compared with the inertial forces. In order to do it, the Relevance was defined as the ratio between these forces. These can be quantified using the Laplace equation for superficial tension and the weight for the inertial forces (given that the order of magnitude of these two forces is the same). The ratio is then given by the Eq. 1:
rev R is the Relevance, Γ is the superficial tension, D is the diameter of the powder, g the gravity or inertial accelerations and ρ the density of the powder with diameter D. As an example it is observed that for a Relevance of 1, in the case of water, the size of the particle is 0.78 cm, which indicates that for smaller drops it will tend to adhere again and it will not detach by the action of gravity, whereas for bigger sizes it will detach with more easiness. This means that, for a Relevance of 1, there is an associated critical size that will determine if the particles within the mass will detach or will act as a group [3] . In the case of acting as a group, the parameters of viscosity and mean density between others can be found in order to treat the mass as a continuum. That is to say, the fluid model can be useful in order to simulate the movement of the powder mass in a ball mill by means of the Navier-Stokes equations [4] .
Instead, in the case of free flowing powders, there are many Newton equations to be solved that derive from every particle in the powder. Their calculation will be complex for being more than 10 6 particles. Thus, using the idea that the order of magnitude of the number of particles in this case of free flowing powders (usually big sizes) it is closer to a single particle rather than a fluid, and knowing the internal movement characteristics it can be proposed a simple model that is developed forward in the document.
Model
The greatest absorption of power in the mill (by the powder mass) happens at the maximum blending, milling and mixing point. This happens when the movement cycle of the powder mass (the turn of this) coincides with the frequency of the mill, what is evidenced by a resonance effect identifiable by the increase of sound, milling, blending and other ways of energy dissipation. The developed model in this work has to look out for the frequencies modes in the movement of the powder mass to establish the operational point of the mill (maximum energy dissipation).
Frequencies modes in the powder mass movement
The frequencies modes in the powder mass movement are found as the ones of a single particle, i.e. considering the mass as a single particle. This interacts through the friction with the mill's recipient which is supposed to be a cylinder in which there is not axial flow of particles. Within the friction are considered the powder interactions and properties.
The Newton equations for the particle coupled with the mill's movement by the friction are written and the most important frequencies of the movement are found by means of the spectrum analysis of the movement by Fourier techniques [8] .
In order to define the friction force (and integrate it to the Newton equations) a model it's chosen, in which the force is proportional to the sign of the relative speed of the particle and the mill's surface, and proportional to the normal force. The equality is given with a constant that is the kinetic friction coefficient of the powder; this coefficient keeps the interactions among the particles of the powder in movement and can be easily calculated by means of the powder mass angle of repose. It is important to notice that with this friction model the Newton equations can be resized leaving them independent of the radio and gravity. These two parameters are hidden within the resized time, in consequence, the real frequencies are proportional to the square root of the gravity and radio ratio multiplied by the nondimensional frequency mode dependent only of the kinetic friction coefficient; in other words of the powder mass angle of repose. Then, the graphs of the non-dimensional frequencies modes in function of the friction coefficient and the real frequencies in function of the: radio, gravity and non dimensional frequency are showed in the Fig. 1 . 
Experimentation
In order to evidence the results, an experimental test was done consisting in founding the mill operational speed for different angles of repose and different radii of the mill cylinder, measuring the sound intensity; which was found to be the maximum at the resonance point (the operational point).
This test was carry out in a mill of 1hp with variable frequency. For the different radii, several tubes were mounted. The friction coefficient for iron powders of 100µm was changed by using stearic acid
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Conclusions
Theoretically it was found an increasing relation between the friction coefficient and the non dimensional proper frequency. But it has to be pointed out that for a variation of 0.5 in the friction coefficient; the change of frequency didn't surpass the 20%. That is to say, the frequency has an increasing but not marked dependency in function of the friction coefficient of the powder.
In regard to the radio and gravity, with more gravity the frequency increases with g 1/2 , whereas with the radio it goes with r -1/2 , to be precise, the milling processes can be speeded up with a gravity increase and a radio decrease generating more cycles per unit of time. On the other hand, if it is desired to spend more time in the process, the radio can be increased.
It exists in good measure, independence of the powder movement in relation with the gravity and radio. In accordance with the resizing of the equations, it is shown a scaling method for mills coherent with already existing methods [1, 2] .
It is comprehended that the movement of the powder mass is generated by the gravity acceleration which is also the cause of inertial forces. Hence, given that the Relevance relation between superficial tension and inertial forces goes by the inverse of gravity, and the frequency goes by the square root of the gravity, increasing gravity will result in shorter processing time for the same powders, a further reduction is accomplish by means of the reduction in powder agglomeration. An experimental demonstration it's pending, this could be done in a centrifuge mill increasing the gravity and generating precipitates.
Experimentally, the results showed a good approximation in the measured ranges with the theoretical estimates modeled, evidencing the applicability of the model in free flowing powders for relatively big sizes.
